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In previously exhibited hidden variable models of quantum state preparation and measurement, 
the number of continuous hidden variables describing the actual state of single realizations is never 
smaller than the quantum state manifold dimension. We introduce a simple model for a qubit whose 
hidden variable space is one-dimensional, i.e., smaller than the two-dimensional Bloch sphere. The 
hidden variable probability distributions associated with quantum states satisfy reasonable criteria of 
regularity. Possible generalizations of this shrinking to an ^-dimensional Hilbert space are discussed. 



I. INTRODUCTION 

A quantum state is not discernible by means of a sin- 
gle replica, but can be reconstructed only by performing 
many measurements on identically prepared systems [l[ . 
In this sense it is analogous to a classical probability dis- 
tribution that carries statistical information on the actual 
state of many realizations. The similarity is reinforced by 
the fact that both the quantum state and the probabil- 
ity distribution have linear dynamical equations. Fur- 
thermore, as for the probability distributions, the space 
of quantum states of a composite system is the tensorial 
product of the subsystem Hilbert spaces. These analogies 
suggest the idea that the quantum state does not repre- 
sent the actual state of a single realization, but merely 
contains statistical information about an underlying hid- 
den variable state, also named ontic state 0]- Indeed, a 
quantum state has the peculiar feature of containing the 
full statistical information concerning any measurement 
outcome performed on ensembles. However, unlike clas- 
sical mechanics, the standard quantum framework does 
not provide a picture beyond this ensemble description, 
which unavoidably requires an exponential growth of re- 
sources in the state definition. Thus, it is reasonable to 
wonder if the complexity of quantum mechanics could be 
mitigated by filling the gap between classical and quan- 
tum representations. Indeed there is no a priori reason 
to believe that the ontic states must contain the full en- 
semble information contained in quantum states. 

The relation between exponential complexity and en- 
semble description is well-illustrated by a classical ex- 
ample. On the one hand, a system of N particles is 
described by a set of canonical variables {<u,Pi} whose 
number scales linearly with N. On the other hand, the 
statistical state is given by a multivariate probability dis- 
tribution p({qi,pi}), whose complete characterization re- 
quires generally a number of resources growing exponen- 
tially with N for a given accuracy. This is not surprising, 
since the probability distribution contains a quantity of 
information that could be approached only by performing 
a series of measurements on a large number of replicas. 
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Our core question is as follows. Suppose, in accordance 
with Einstein's point of view Q , that there exists a more 
fundamental theory that does not use quantum states, 
but describes each single system by means of well-defined 
(ontological) variables. The wave-function and the onto- 
logical variables would be analogous to the classical mul- 
tivariate probability distribution p and the coordinates 
{gj, Pi}, respectively. Thus, the following question nat- 
urally arises: can the ontological space dimension grow 
polynomially with the size of the quantum system? By 
size here we mean the number of elements that compose 
the system, for example the number of spins. As will 
be shown in this Letter, this question is anything but 
trivial. Indeed, we will prove with a practical example 
that the ontological space dimension can be smaller than 
the quantum state manifold dimension [lg. We call this 
dimensional reduction ontological shrinking. The onto- 
logical shrinking is a necessary condition for having an 
exponential compression, although not sufficient. Our re- 
sult is fundamental for sweeping away any prejudge that 
this reduction is impossible. 

The ontological shrinking is closely related to the con- 
cept of classical "weak simulation" [J, Q in quantum in- 
formation theory. Contrary to a "strong simulation" of 
quantum computers, the goal of a classical "weak simu- 
lation" is not to compute the measurement probabilities 
with high accuracy, but the outcomes in accordance with 
the probabilities. There are examples of quantum circuits 
that cannot be efficiently simulated in a strong way, but 
whose weak simulation is nevertheless tractable [5]. In 
a hidden variable theory with reduced sampling space, 
the identification of the actual state of a single realiza- 
tion would require less resources than the quantum state 
definition. Thus, the ontological shrinking could offer in 
a natural way an efficient method of "weak simulation" 
of quantum computers. 

The problem of the minimal quantity of ontological re- 
sources was recently considered by different authors 0- 
Hoj . In Ref. @, Hardy has proved that the number of 
ontic states is always infinite, even in the case of a finite- 
dimensional Hilbert space. According to this constraint, 
the set of ontic states is not less than countably infinite. 
That is a weak condition, since the Hilbert space is con- 
tinuous and in general multi-dimensional. The problem 
of the smallest dimension of the ontological space was in- 
troduced in Ref. [7] . It was subsequently proved that the 
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ontological space dimension cannot be smaller than the 
dimension of the quantum state manifold in the case of a 
short memory hidden variable theory [H, [ll[ , implying an 
exponential growth of resources ( "Short memory" means 
that the dynamics of the ontic state is Markovian). In 
Ref. fiol ] a hidden variable model for a finite number of 
measurements was reported, whose number of resources 
saturates to the constraint of Ref. [8j in the case where 
the whole set of possible measurements is considered. In 
the conclusion of Ref. [8] it was noted that a possible way 
to overcome the exponential growth would be to reject 
one of the hypotheses of the theorem, e.g., the causality. 
Thus, the dynamics of the ontological state would not be 
described as a Markov succession of causes and effects. 
The Wheeler- Fey nman absorber theory fl2l | is an exam- 
ple of non-causal theory, introduced in another context 
with the aim of removing the self-interaction of electric 
charges. It is an example of retro-causality, where future 
events can have effects on the past. Recently, Wharton 
introduced a time-symmetric interpretation of the Klein- 
Gordon equation by imposing boundary conditions both 
in past and future [13| . 

In this Letter, we consider the problem of describing 
a process of state preparation and subsequent measure- 
ment completely neglecting any concern about the dy- 
namics. We present a hidden variable model of a qubit 
whose ontological manifold has one dimension, that is 
one half the dimension of the quantum state manifold 
(the Bloch sphere) . This is the first example of a hidden 
variable model for measurements with a compressed sam- 
pling space and raises the interesting question of whether 
an exponentially growing number of resources is in fact 
required to describe the hidden variable state of a quan- 
tum system. Furthermore, it illustrates that the short 
memory hypothesis is indeed strictly necessary for the 
proof of the theorem in Ref. Q . Finally, we discuss pos- 
sible generalizations to an iV-dimensional Hilbert space 
and present a model that works for a large set of trace- 
one projectors. 



II. ONTOLOGICAL MODEL OF QUBIT 

In a hidden variable theory of state preparation and 
measurement, the quantum state is translated into a clas- 
sical language by replacing it with a probability distribu- 
tion on a sampling space X of ontic states, — > p(X\tp), 
i.e., it is assumed that a quantum system is described, at 
a deeper and partially hidden level, by a set of classical 
variables that do not necessarily contain the whole in- 
formation carried by \ip)- Such information is contained 
in the ensemble distribution p. We assume that the on- 
tological space X is a disconnected manifold defined by 
a set of continuous variables (xi, ...,xd) = x and a dis- 
crete index n, labeling the components of the manifold. 
Its Lebesgue covering dimension is D. The distribution 
p(x, n\ip) is a regular function, in a sense that will be 
specified later on. This allows us to define the concept of 



ontological space dimension, which is the number D of 
continuous variables. The ontological variables are only 
partially hidden in the sense that they have a role in the 
generation of an event when a measurement is performed. 
Let the trace-one projector \4>){<t>\ be the observable that 
will be measured after preparing the state \^p). At the on- 
tological level, there is a conditional probability P(4>\X) 
of obtaining the event <j) given the ontic state X. The 
ontological theory is equivalent to quantum mechanics if 

I d D xP(cj } \x,n)p(x,n\^) = |(<^}| 2 . (1) 

It is important to note that the dimension of a manifold 
is a topological property and we have to introduce some 
conditions of regularity on p(X\tp) in order that the prob- 
lem of the ontological dimension is not ill-posed. With- 
out these conditions the ontological shrinking would be a 
trivial task, since a multi-dimensional space has the same 
cardinality of a one-dimensional space. Indeed, it is al- 
ways possible to construct a one-dimensional ontological 
model from a multi-dimensional one in a trivial way, by 
means of a bijective transformation. Let us consider for 
example the Kochen-Specker (KS) model for a qubit [T3 |. 
The corresponding ontological space is a unit sphere and 
the states are unit three-dimensional vectors s, which can 
be identified by two continuous variables q and p, such 
as the angles in the spherical coordinate system. Each 
quantum state \ip) is associated with a probability distri- 
bution p(q,p\tp). The mapping \ip) — > p(q,p\ip) in the KS 
model is almost regular, that is, p(q,p\ip) is a differen- 
tiable function for every and (q,p), apart from a zero 
measure subset of ontological states. We can rescale q 
and p in such a way that they can be written in the deci- 
mal notation q = O-giq^fe--- andp = 0.piP2P3---, Qi andpi 
being digits. The two-dimensional ontological space can 
be compressed into a one-dimensional space by encoding 
the information carried by q and p into the single real 
number r = Q.q\P\q2P2q3P3---- However, the distribution 
p(r\i/j), with the new topological space r as domain, will 
be highly irregular and physically unsuitable. 

In order to rule out these trivial routes towards the 
ontological shrinking, we impose the condition that the 
function p(x,n\ip) is analytic in x and \ip) almost ev- 
erywhere, possibly containing also a collection of Dirac 
functions whose heights and positions are differentiablc 
functions of \ip) almost everywhere. This gives a sufficient 
general condition of regularity that makes the ontological 
shrinking a non-trivial problem. 

With these premises, let us consider a two-state quan- 
tum system and introduce a one-dimensional hidden vari- 
able model that works only for a subset of preparation 
states. Later on we will extend the model to the whole 
quantum state manifold. Our ontological space is given 
by a continuous variable x and a discrete index n that 
takes the two values and 1. It is convenient to repre- 
sent the quantum state \^p) and the event \<p) by means 
of the Bloch vectors v = (tp\a\ip) and w = (0|c?|0), where 
a = (a x , a y , tr z ), the <7j being the Pauli matrices. 
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The probability distribution associated with the state 
v is 

p{x,n\v) = smQS ny o5(x — (p) + (l — sm6)6 n .i6(x — 9), (2) 

where ip and 9 are respectively the azimuth and zenith 
angles in the spherical coordinate system 



= sin a cos <p, 
= sin 9 sin ip, 
= cos 9. 



(3) 



Thus, when the quantum state v is prepared, the index 
n takes the value or 1 with probability sin 9 or 1 — sin 9 
and the continuous variable is the azimuth or zenith angle 
according to the value of n. The probability distribution 
p{x,n\v) is non-negative for any {x,n} and v. 

The probability distribution ^ is a collection of two 
delta functions whose heights and positions are differen- 
tiable functions of 9 and (p. Thus, they fulfil the con- 
ditions of regularity required previously. It is important 
to note that a single realization contains less information 
than the quantum state, since only one of the two angles 
9 and tp is stored in the ontic state {x, n}. The whole in- 
formation about v is carried by the ensemble distribution 
p{x,n\v). 

The conditional probability P(w\x,n) for an event w 
with w z > is defined as follows: 



T-i/ -*i ^\ -. w x cos x+w v sin x — w 

P(w\x, 0) = H v — 

t^, _»| \ 1+(a/1— w% — 2) sin x-\-w z cos x 

P(w\x, 1 = - " „ . . 

v 1 5 ' 2—2 sin x 



(4) 



The events w with w z < correspond simply to the 
non-occurrence of the events — w with w z > 0, i.e, 
P{— w\x, n) = 1 — P(w\x, n). 

It is easy to prove that these probability functions fulfil 
the condition ©, that is, P(iZ>|<p, 0) sm(6)+P(w\6, 1)(1- 
sin#) = (1 + it? • u)/2. We have to check that the 
conditional probabilities satisfy the constraints < 
P(w\x, n) < 1. It is sufficient to consider the case w z > 0. 
The non-negativity of P(w\x, 0) for any x and w is proved 
by the fact that its minimum is zero. The minimum with 
a fixed w is equal to 



,2 = 



m(w z ) 



(5) 



and taken when the vectors (cos x, sin x) and {w x ,w y ) 



are antiparallel, that is, when cos 2 = —w x /^/w^,+Wy, 



sin a; = —w y /yw x + w*. The overall minimum, i.e., the 

minimum of m(w z ), is taken at w z — and is equal 
to 0. Similarly, the largest value, with (cos a;, since) and 
(w x ,w y ) parallel, is equal to 1. The conditional prob- 
ability P(w\x, 1) takes its maximum when the vectors 
(-\/l — w1,w z ) and (cos a;, since) are parallel and is equal 
to 1. Its non- negativity check deserves a more detailed 
discussion. It is easy to realize that P(iv\x, 1) is nega- 
tive for some w if cos cc < 0, thus this model does not 



work for any state. Let us find the region with cos x > 
where the probability is non-negative for every w. For 
a fixed cc, the conditional probability is minimal at the 
boundary w z — 
non-negative if 



1 and takes the value ^^ffj^f^ - It is 



9 = x < 9q = arccos(3/5) ~ 53.13 degrees. (6) 

Thus, the present model works only for a set of pre- 
pared states whose Bloch vector lies inside a cone with 
aperture 2# , the z-axis being the cone symmetry axis. 
It is interesting to note that there is no constraint on w 
and the model works for any event if the prepared state 
fulfils the condition ([6]). 

A simple way to extend the model to any prepara- 
tion state is to increase the information contained in the 
ontological state. Let Hi, ..,nMi be M& fixed Bloch vec- 
tors. A set of orthogonal coordinates is associated with 
each rik ■ The fixed Bloch vector Hk is the z-axis of the 
associated coordinate system. When the state v is pre- 
pared, the information on the nearest Hk is enclosed in 
an additional discrete index m that can take possible 
values. This index does not change the ontological space 
dimension, which remains equal to one. Furthermore, 
the preparation apparatus uses the coordinate system at- 
tached to Hk ■ By nearest vector we mean the vector Hk 
with the largest scalar product Hk ■ v. The advantage 
of the added information is that the measurement appa- 
ratus receives the information on the closest Hk and can 
use the protocol previously described with the coordinate 
system attached to Hk- If the number Mb of vectors Hk is 
sufficiently large, the angle between the closest axis and 
the quantum state v is always smaller than 9q. In the 
case of equidistributed vertices, the smallest number Mb 
of Bloch vectors is 12 and they correspond to the ver- 
tices of an icosahedron. For this polyhedron, the length 

of the edges is L — A/\J 10 + 2\/5 for a unit sphere, so 
the distance between the circumcenter of each face and 
its vertices is d = L/y/3. The angle between vectors 
passing through a circumcenter and the closest vertex is 
9\ = arcsind ~ 37.37 degrees. The inequality 9\ < 9q 
guarantees that the angle between the z-axis and v is 
always smaller than 9$. Thus, the extended ontological 
model works for any state preparation and measurement. 
The patches associated with each vector are 12 congru- 
ent spherical pentagons, which give a regular tessellation 
of the Bloch sphere. They are the sphere projection of 
dodecahedron faces. We indicate the patch pointed to by 
Hk with Slfc. 

The extended model is equivalent to the following pro- 
tocol. Suppose that Bob and Alice share a common ref- 
erence frame on the Bloch sphere and a set of Bloch 
vectors Hi, ..,HM b , corresponding to the icosahedron ver- 
tices. Let the first vector Hi be the z-axis of the reference 
frame. Bob prepares a quantum state v, which for the 
moment is assumed to point at the spherical pentagon 
fli associated with Hi. He assigns to a discrete variable 
n one of values and 1, randomly generated with prob- 
abilities sin6> and 1 — sin6>, respectively. If n = 0(1), 
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Bob sets a continuous variable x equal to the azimuth 
angle ip (zenith angle 9) and sends both n and x to Al- 
ice. Alice generates the event w with probability given 
by Eq. The fact that v points at f2i guarantees that 
condition ([6]) is always satisfied, that is, Alice always re- 
ceives values of {x,n} such that < P(w\x,n) < 1. It 
is worth to stress that in a single run Alice has only a 
partial information about the quantum state. Indeed she 
knows only if or 9, according to the value of n. Neverthe- 
less, she can generate with this partial information events 
in accordance with quantum probabilities. The model is 
extended to the whole Bloch sphere as follows. The task 
is generating the event w with probability (1 + v ■ w)/2, 
given any state v. Let rik be the closest vector to v. 
Bob evolves the quantum state according to a unitary 
evolution Uk that takes the spherical pentagon Qk to 
ill. Let Ok be the corresponding orthogonal transfor- 
mation on the Bloch sphere. After the transformation 
v — > OkV, Bob executes the previously described proto- 
col and sends to Alice the pair {x, n} and the auxiliary 
index k. In order to evaluate the probability of w given 
{cc, n}, Alice executes the same transformation on w eval- 
uating the probability of OkW by means of Eq. ([5]), that 
is, the conditional probability P(w\x, n, k) oiw in the ex- 
tended model is equal to P(Okw\x,n), where P(-\x,n) is 
given by Eq. Q . The unitary transformation performed 
by Bob guarantees that < P(w\x, n, k) < 1. Since 
O kV ■ OkW — v ■ w, The overall protocol generates the 
event w, given w, with the correct quantum probability 
(l + v-w)/2. 

It is worth to note that, before playing the game, Bob 
and Alice have to agree about a common reference frame 
and the way the Bloch sphere is partitioned. This agree- 
ment has to be established only at the beginning and the 
shared information can be used for any state and mea- 
surement that Bob and Alice wish to test. It is also inter- 
esting to observe that applying this model to the concrete 
example of a 1/2 spin requires that we enrich the space 
with a preset structure that breaks the rotational sym- 
metry. This is not surprising, since no (linear or nonlin- 
ear) representation of three-dimensional rotations exist 
on a one-dimensional manifold, that is, it is impossible to 
represent three-dimensional rotations by means of diffcr- 
cntiablc endomorphisms of a one-dimensional manifold. 
The symmetry breaking would occur at the ontological 
level in the description of the ontic state, but it would be 
concealed at the phenomenological level. However, the 
ontological shrinking program does not necessarily imply 
the spatial symmetry breaking, since the dimensional re- 
duction could involve entanglement and not single par- 
ticles. For example, it would be possible in principle 
to have an ontological theory that describes n spins by 
means of n vectors. The ontological space would have a 
reduced dimensionality, but the theory would not break 
the spatial symmetry. Anyway the ontological shrinking 
makes the representation of SU(N) on the ontological 
space impossible. 

We have presented the first example of hidden vari- 



able model whose sampling space dimension is smaller 
than the quantum state manifold one. For ex amp le, as 
previously noted, the Kochen-Specker model [H] for a 
two-state system uses a two-dimensional space. 



III. ONTOLOGICAL SHRINKING FOR 
HIGHER DIMENSIONAL HILBERT SPACES 

Our model raises the question whether the ontologi- 
cal shrinking is possible also for higher dimensions of the 
Hilbert space. Since in the two-dimensional model the 
probability distribution is the mixture of two delta dis- 
tributions, a natural generalization of this distribution 
would be 

p{x,n\^) = R{n\^)S[x-f n {^)l (7) 

where x is a £>-tuple of real variables and n a discrete 
index that goes from 1 to M. D is the dimension of the 
ontological space. f n is a generic vectorial function and 
R(n\tp) is the probability of n given The conditional 
probability P((f>\x, n) of an event <p given x and n is such 
that Eq. |T]) is satisfied. 

The Beltrametti-Bugajski theory has for example the 
above structure with D equal to twice the Hilbert space 
dimension and M = 1 [l5[ . In this case there is no shrink- 
ing since the dimension D of the ontological space is not 
smaller than the quantum state manifold dimension. The 
shrinking occurs for D < 2N — 2, N being the Hilbert 
space dimension. 

A simple model with a compressed space and working 
for a large class of events and states has M — N 2 and 
D = 2. The probability distribution p and the condi- 
tional probabilities for the event (f) are 

P {X, n, m|V) = R{n, m)S(X - ^> m ), (8) 

P(4r,n,m) = l- 1 |O m -A| 2 , (9) 
2R{n, m) 

where n,m = 1, N, X is a complex number and ip n = 
(n\ip), {\n}} being a complete set of orthonormal vectors. 
The distribution R{n, m) is non-negative and normalized 
to 1. It is easy to check that the functions fulfil the 
condition ([T]). However, the conditional probabilities are 
positive only if 

IV^m-^^ml 2 <2R(n,m). (10) 

It is interesting to note that the selected manifold of 
states \ip) and events \4>) have the same dimension as the 
overall quantum state manifold. This is a very important 
property, since economical ontological models working in 
a zero measure region of events or states are quite trivial. 

If R{n, m) is constant, it is easy to prove that the con- 
dition 

R 

\4>n ~ K? < -jj, for a11 n ( n ) 
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is sufficient for positivity. Indeed, from it we have: 

IV&^m - 0n0m| 2 = 

±|C0* " 4>*n)^m + 0m) + + 0*)(Vm ~ m )J 2 < 

I (IV'n - 0n||'0m + 0m I + \lpn + 0ral|^m ~ 0m I) 2 < 
(|^n-0n| + IV'm-0m|) 2 <2i?. 

At variance with the previous model for a qubit, the 
constraint is not only on the quantum states, but involves 
also the events. Thus, the patching method previously 
used is able to extend the validity of the model to the 
whole quantum state space, but not to the whole set of 
trace-one projective measurements. One could try to find 
the functions R(n, m) that maximize the volume of the 
positivity region, however it is impossible to cover the 
whole space of events. With the choice R(n,m) = 1/N 2 , 
from Eq. (ITT1) we have that a sufficient condition for posi- 
tivity is \ip n —4>n\ < y^jy • This inequality implies that the 

volume of a patch region scales at least as (2tt/N 2 ) n ~ 1 . 
Since the volume of the whole quantum state manifold 
scales as ( N _ 2 y_ , the additional information required for 
the patching grows as TV log N, that is, almost exponen- 
tially with respect the size of the system. This choice 
of R(n, m) is not optimal. For example, one could give 
a larger statistical weight to the events with n or m 
equal to zero. If R(0,n) and R(n, 0) scale as 1/N, it 
is easy to show by condition ([TO)) that both tpo and 0o 
go to 1 for large N. Using this property, one finds that 
the constraint (fTU|) is satisfied if |0n^o| ^ 1/\N and 
iVVi^ol ^ 1/vN. This scaling of the positivity region is 
a necessary condition to have a non-exponential growth 
of the additional information required for the patching. 
We will not go into further details on the optimization of 
this model. 

There is a simple argument to show that any hidden 
variable theory of the form in Eq. with M finite and 
working for any measurements cannot have an ontological 
space whose dimension is smaller than 2N — 3. Thus, if 
there exists an ontological theory for any measurements 
that does not require an exponentially growing number of 
resources to describe a single system, then in this theory 
M is infinite. The proof is the following. Using Eq. (0, 
Eq.(dJ becomes 

^P(0|f„,n)i?(n|^)H(0IV>>| 2 , (13) 

n 

where 

X„ = f n (lp). (14) 

We can assume that there exists a non-zero measure sub- 
set of the quantum state manifold where R(ji\tj}) is dif- 
ferent from zero or identically equal to zero for each n. If 
R(n\ip) is diffcrcntiable almost everywhere and M finite, 
it is always possible to find such a region. Let us consider 
in the following only the quantum states living in 
this subset. Since the terms in Eq. (IT3"|) with R(n\ip) = 



do not contribute, we can assume R(n\if>) 7^ without 
loss of generality. The conditional probability P(<j>\x n ,n) 
is zero if there exists a orthogonal to |0) such that 
z*n = /n(V')- H the dimension D of the ontological space 
is equal to the quantum state manifold dimension 2N — 2 
and x n completely identifies the quantum state \tp), then 
the manifold of \<j>) where P(<f>\x n ,n) = is (2N - 4)- 
dimensional and contains the vectors orthogonal to the 
one vector satisfying Eq. (| 14[) . In the case that one 
ontological dimension is missed (ontological space with 
2N — 3 dimensions), one can realize that the manifold 
where P(<fi\x n , n) is equal to zero has 2N — 3 dimensions. 
Indeed, the ontic vector x n identifies a one-dimensional 
manifold of quantum states and the conditional probabil- 
ity is zero if |0) is orthogonal to one of these states. For 
a larger number of missed dimensions the manifold with 
zero probability has the same dimension of the overall 
manifold of \<f>) vectors. This means that for an onto- 
logical space dimension smaller than 2N — 3 the overall 
probability of obtaining |0) given \ip) is zero in a large 
region of the events and this region has non-zero measure 
if M is finite. But this is impossible since the probability 
of |0) is |(0|?/>)| 2 and is zero only in a zero measure region 
of the events. Thus, M cannot be finite. It is interesting 
to note that this reasoning does not forbid the shrinking 
from 2N- 2 to 2N- 3 for M finite (the model for a qubit 
gives a practical example), but it forbids any shrinking 
in the case of an iV-dimensional Hilbert space with real 
field. Indeed in this case the dimension of the manifold of 
|0) orthogonal to \ip) is N — 2, where N is the dimension 
of the Hilbert space. Thus, it is sufficient an (N — 2)- 
dimensional space, with only one missed dimension, in 
order to have P{4>\x n ,n) = in a region of events with 
non-zero measure. From the above argument it is evident 
that the model given by Eqs. (|8I9[) does not work for any 
measurement, since the probability distribution contains 
a finite number of delta functions. 

It is important to note that the reported two- 
dimensional model is not in contrast with the theorem 
proved in Ref. [8[. That theorem states that the dy- 
namics in a theory with dimensional reduction cannot be 
Markovian. Indeed, for our model there does not exist 
a positive conditional probability Pfj(x, n\x, n) for every 
unitary evolution U such that 

P (x^) = ^[dxP oM ^M^). (15) 

Indeed, it is possible to prove that the dynamics of the 
probability distribution is not described by a linear equa- 
tion, as required for Markov processes. For this purpose 
it is sufficient to assume that the Bloch vector v, defin- 
ing the quantum state, is in the patch fij. This allows us 
to neglect the additional index labeling the Mb patches. 
Thus, the probability distribution is given by Eq. @ and 
lives on the space spanned by x and the binary discrete 
variable n. Let us consider the Bloch vector rotation 
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around the y-axis 



IV. CONCLUSION 



at v zi 

°Vy — n 



(16) 



at 



which correspond in spherical coordinates to 

-j# = — cot 9 sin ip, 
at= cos ¥- 



(17) 



If the dynamics was Markovian, then the time evo- 
lution of the probability distribution p(x, n, t) would be 
described by the differential equation 



dp(x, n, t) 
Ft 



= J dxK(x,n\x,n)p(x,n,t), (18) 



K being a suitable kernel. 

By means of Eqs. @, this becomes 



sin^, to)f+ 



{J. [(i _ s in9)8 nA S(x - 0)} + cos65 n . S{x - <p)} |f = 
K(x, n\<p, 0) sin6» + K(x, n\9, 1)(1 - sin 9). 

(19) 

In particular, for n = 0, using Eq. (|17[) . we have that 

— cos 6> 9S ' K Q~ ip ^ sin y + cos 6>£(:r. — <p) cos y = 
lf(x,O|^,O%in0 + l^x,O|6^1)(l-sin0). 1 J 

Dividing both sides by sin# and differentiating with re- 
spect to 6, we obtain that 



an 



cot 9 dS<, g ip ^ sin (/? + cot — (^) cos ip 



(21) 



There is no K satisfying this equation, since the left-hand 
side is a function of both 9 and ip, whereas the right-hand 
side depends only on 9. Thus, the dynamical equation of 
the probability distribution @ is non-Markovian. 

If we allow the dynamics to be non-causal then we 
should consider the possibility that in the preparation- 
measurement processes some information could be trans- 
ferred back from the measurement apparatus. In other 
words, in a possible extension of the presented models, 
the probability distribution could contain a small quan- 
tity of information about \<f>). Thus, a more general 
question is: what is the minimal number of continuous 
variables that the preparation and measurement appara- 
tuses have to exchange in order to reproduce the quantum 
probabilities? 



In conclusion, we have reported a hidden variable 
model of measurements where a pure quantum state is 
represented as a statistical mixture of ontic states liv- 
ing in a one-dimensional real space. This model is the 
first example of ontological shrinking that works for any 
state preparation and measurement. The Wigner [16[ 
and Husimi (l7| distributions are known examples of sta- 
tistical representations of quantum states on a smaller 
space. However, none of them is everywhere non- negative 
or has non-negative conditional probabilities associated 
with measurements. It is interesting to note that, unlike 
the Wigner and Husimi functions, the distribution in our 
model is not quadratic in the quantum state. Indeed, any 
ontological model of measurement enjoys this property, 
as proved in Ref . [7j . Our practical example of shrinking 
may seem artificial, but is important since it raises the 
interesting question of whether a hidden variable descrip- 
tion of a quantum system needs an exponentially growing 
number of resources. Furthermore, our model shows that 
the Markov hypothesis is necessary for the proof of the 
theorem in Ref. [8j, where we stated that the ontologi- 
cal space dimension cannot be smaller than the Hilbert 
space manifold dimension. In a reversed form, this theo- 
rem states that any hidden variable theory with an onto- 
logical shrinking cannot have a short memory dynamics 
or, in particular, be causal. Finally, we have discussed 
possible extensions in N dimensions and found a gen- 
eral property for these models. The possibility of shrink- 
ing considerably the ontological space and the introduc- 
tion of the dynamics in these models are open questions, 
whose answer could provide a deeper explanation of the 
exponential complexity of quantum mechanics. Indeed, 
the knowledge of the resources required for a classical 
simulation of quantum systems is a very important step 
for understanding the actual computational speed-up of 
quantum algorithms. 
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